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Abstract: Symbolic n-plithogenic sets are considered to be modern concepts that carry within their 
framework both an algebraic and logical structure. The concept of symbolic n-plithogenic algebraic 
rings is considered to be a novel generalization of classical algebraic rings with many symmetric 
properties. These structures can be written as linear combinations of many symmetric elements taken 
from other classical algebraic structures, where the square symbolic k-plithogenic real matrices are 
square matrices with real symbolic k-plithogenic entries. In this research, we will find easy-to-use 
algorithms for calculating the determinant of a symbolic 3-plithogenic/4-plithogenic matrix, and 
for finding its inverse based on its classical components, and even for diagonalizing matrices of 
these types. On the other hand, we will present a new algorithm for calculating the eigenvalues and 
eigenvectors associated with matrices of these types. Also, the exponent of symbolic 3-plithogenic 
and 4-plithogenic real matrices will be presented, with many examples to clarify the novelty of 
this work. 


Keywords: symbolic 3-plithogenic rings; symbolic 3-plithogenic real matrices; symbolic 4-plithogenic 
rings; symbolic 4-plithogenic real matrices; the diagonalization problem 


1. Introduction 


Symbolic n-plithogenic sets were propounded by Smarandache in [1-3] to be a novel 
generalization of classical sets. These sets play a key role in the generalization of classical 
algebraic structures to new versions possessing several characteristic properties; in these we 
can see many symbolic n-plithogenic algebraic structures, such as symbolic 2-plithogenic 
structures [4-8], and symbolic 3-plithogenic algebraic structures [9-11]. For example, 
symbolic 2-plithogenic rings were used to generalize vector spaces and modules into 
symbolic 2-plithogenic spaces and modules. The same work was presented for symbolic 
3-plithogenic rings [12,13]. Symbolic 2-plithogenic matrices were defined and studied 
in [14]; these matrices consist of symbolic 2-plithogenic real entries. These matrices are 
recognized as a similar structure of refined neutrosophic matrices and structures [15-24]. 
In matrix theory, it is very important to deal with the exponents of matrices and their 
related problems, such as how to diagonalize a matrix, and how to compute eigenvalues 
and eigenvectors. 

From this point of view, we continue the previous efforts presented in order to further 
our understanding of the behavior of symbolic n-plithogenic matrices, and present some 
algorithms for computing inverses, eigen values and vectors, and the diagonalization of 
square matrices using symbolic 3-plithogenic entries; we also present some algorithms for 
computing inverses, eigen values and vectors, and the diagonalization of square matrices 
using symbolic 4-plithogenic entries. 

Our study opens the door to many future applications of this type of matrices, espe- 
cially those related to the problem of representation through linear transformations, or the 
representation of algebraic groups by matrices of this type. 
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2. Preliminaries 


Definition 1. The ring of symbolic of 3-plithogenic real numbers is defined as follows: 
3 —SPR = {x + yPy + zP. + tP3; P; x Pj — Praca ei = Pi} 


Addition on 3-SP_R is defined as follows: 


xo + x1Pi + x2P2 + xaPs] + [Yo + ¥1Pi + YoP2 + ysP3] = (%0 +o) + Ga +y1)P1 + 02 + Yn)P2 + (x3 +Ys)Ps 
Multiplication on 3 — SP is defined as follows: 
[xo +xiPi +x2P2 + x3P3] [Yo + yiP1 + y2P2 + ysP3| 


= XoVo + (xo¥y +X1¥9 + X19) Pa + (xoyg + x2y1 + X2V2 
+ (xoy3 + x1¥3 + X2V3 + X33 + X3Vq + X3y1 + X3V2)P3 


x2V9 + x1 V2) Pa 


Remark 1. If we Let X = xp + xyP1 + X2P2 + x3P3 € 3 — SPp, we have the following: 
X is invertible if, and only if, xy)  0,xq +X, #0,x9 +X1 +X #0,xX9 +X1 +X2+x3 40, 


SAD 1 1 1 1 1 1 
and X XxX xo ios 4)P1 Ink Xot+xy1 Po Xg+Xy+X2+X3 ae |Ps 
Forn € N, X™ = xp? + [(xo + x1)" — xo] Py [(xo X14 Xx)" (xo 4 x1)"]P2 + 
[(xo + x1 + x2 + x3)" — (xo +1 + X2)"] Po. 


Definition 2. The ring of symbolic of 4-plithogenic real numbers is defined as follows: 


4—SPz = {x } yP) + 2P2 + tP3 + 1Pg; Pj x Pj = Prnax(ijy Pi? = P,} 


Addition on 4 — SPp is defined as follows: 


[xo + x,P 1 + x2P2 + x3P3 4 x4P4| [Yo ty Pi + yoP2 + y3P3 4 y4Pa| = (xo Yo) + (x14 y1)P1 + (x24 Y2)Po4 
(x3 + y3)Ps + (xa + y4)Pa 


Multiplication on 4-SP_R is defined as follows: 


[xo + xaP1 + x2P2 + x3P3 + x4Pa] [yo + yiPi + yoP2 + y3P3 + yaPa] = xo¥o + (xoy1 +x1¥9 + x11) Pi 
+ (XoYg + X2Vq + X2Vq + x2Vq + X1¥2)Po + (xoy3 + x13 + x2yv3 + xay3 + x3V9 + X3yy + X3V2)P3t+ 
(xo¥4 + X1¥4 + X2V4 + X3V4 + X34 + X4Vq + Xayy + Xayy + X43 + Xayy) Pa. 


3. Main Discussion 
3.1. Symbolic 3-Plithogenic Matrices 


Definition 3. A square symbolic 3-plithogenic matrix is a matrix with symbolic 3-plithogenic 
entries. 


Example 1. 


4+P,+ Pp. — 2P3 1+P3 3—P,+5P3 
A= 5—P,+P2 2—P, 7P, +4P2 — P3 
6P. + 4P3 5+11P.+ P3 P1 +P3 


is a symbolic 3-plithogenic 3 x 3 real matrix. 


Remark 2. Any symbolic 3-plithogenic matrix can be written as follows: A = Ap + AyP) + 
AoPo + A3P3. 
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For example, the matrix defined in the previous example can be written as follows: 


413 de WO de AY-0 S98 4s, 38 
A=[5 2 0} +(-1 -1 7 |Pi+]/1 0 4]/R%4[0 oO -1]P; 
05 0 Oo Or ~4 6-1 ® a | 


We denote the set of all symbolic 3-plithogenic n-square matrices by (3 — SPy,). 
It is clear that (3 — SPy,+,.) Is a ring. 


Theorem 1. Let S = Sg + SP; + SoP2 + 53P3 € 3 — SPm, then the following is true: 
1. Sis invertible if, and only if, S9,S9 +S ,S9 +51 + 52,59 +S, + Sz + $3 are invertible. 
2. ST = 81 + |(S9+81)'- S01] Pi + |(S0-+S1 +82)? - (So +S1) "| Pot 


(So S$; + S2 S3) / (So + S14 So)"]P3 
3. Forn € N,S" = Sot + [(So + $1)" — So] Py t [(So +S, 4 Sa)" (So t S1)"]P2 + 


[(So S$; +S) S3)" (So +S 4 So)" P3 
4. e° = e50 ae [eSotS1 _ e°0] Py + [eSotS1 +82 as e°0t51]P, + [eSot 51 +52 +53 _ e50t51 +52] Ps. 


Proof of Theorem 1. (1,2). Assume that Sg,S9 + 51,59 + S17 + S2,S9 +S; + Sz +53 are 
invertible. We have the following: 


K = 8971 + [(Sp +81)? — So] Ps + [ (G0 + $1 +52)" = (So + $1) "| Pa 
(So +S, +S 4 S3) + (So +S; 4 S»)"]P3 


Let us compute the following: 


SK =SpSp! 4 [S0(So + S,)~! —SpSp-! + $4Sp~! + $1 (Sp + $1) + S18)" P1 
[S0(So +S; + So)! —So(So + $1)? +$1(So + $1 + $2) + 


) 
+So (So } Ss.) ! S89" Po+ 


[So(So + $1 +S2  +53)~' —So(Sp + $1 + $2)! + $1 (So + $1 +52 +53)! 

S1 + S2)~} + S2(So +$1 + $2 + $3)! — So(Sp + $1 + $2)? 

S1 +S +$3) > —$3(Sp +$1 +S)? + $389! + $3(So + $1)? 
—S3Sq7! + S3(So +S; + Se 4 S3) + S3(So 4 S1)']P3 = 

Unxn + [Onxn]P1 +[Onxn]P2 + [Onxn]P3 = Unxn 


Thus, S$ is invertible and S~! = K. 
For the converse, if we suppose that S is invertible, then there exists K = Kg + Ky P; + 
KoP2 + K3P3 € 3 — SPm such that S x K = Unxn. This is equivalent to the following: 


SoKo = Unxn (1) 
SoK, +5 ,Ko +51,K1 = Onxn (2) 
SoK2 + Sj K2 + S2K2 + S2Ky + S2Ko9 = Onxn (3) 
SoK3 + S;K3 + S2K3 + $3K3 + S3Kp + S3Ky + 53K2 = Onxn (4) 


Equation (1) implies that So is invertible and Sy! = Kg. 

By adding (1) to (2), we obtain (Sp + S;)(Ko + K,) = Unxn,so that Sp + S} is invertible 
and (So + S1) 1 = Ko + Ky, hence K; = (So + Si) — Si 

By adding (1) to (2) to (3), we obtain (Sg +S; +S2)(Ko + Ky + Kz) = Unxn, so that 
So +1 +S2 is invertible and (Sp + S; +S2)~' = Ky +K1 + Ky, hence Ky = (Sp +S; + Sz)" 
—(Sg+S)). 
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By adding (1) to (2) to (3) to (4), we obtain (Sp + Sy +S2 + $3) (Ko + K, + Ky + Ks) = 
Unxn, $0 that Sy + $1 +S2 +53 is invertible and (Sy +S, + S2 +$3)~' = Ky +K, +K2 +K3, 
hence K3 = (So S; + So 4 S3)! (So +S; +4 Sy)? 

(3). For n = 1, it holds directly. We suppose that it is true. For n = k, we must prove it 
fork +1. 


Sk+1 — ggk = SpSpk +.]Sp(Sp +S1)* — SpSok + S1S0K + $1 (Sp + $1)* S180 Py 

So(So + $1 +S2)* — So (So + $1) + $1 (So + S1 + S2)K — $1 (Sp + $1)* + S2(Sp +S; +S2)* 
Sp (Sp +S1)* + SpSok + S2(Sp + $1)* S,S9*| P, 

[S0(So + $1 +S2 + $s) —So(So + $1 + $2) + $1(So + $1 +82 +S3)* — $1 (So +51 + $2) 
So (Sp + $1 + S2 + $3)* — Sp(Sq + $1 +52) + $3(Sp + Sy + Sz +53)* — $3(Sp + Sy + S2)* 

+ S380! + Ss (Sp + $1) — S380 + $3 (So + $1 +82 +Ss)* — S3(So + S1)*] Ps 

= Sot + (So +$1)(So + $1) — S)So*| Py 

(So + $1 + S2)(So + $1 + S2)* — (So +81) (So +81)*| Po 

| (So + S1 + S2 +53) (So + $1 +82 +83)* — (Sp +81 +82) (So + 81 + 2)*] Ps 

= Skt 4 (So sg hay SoSo%*"| Py i: |(So Hei Geyer = (Gye $)\*1] P 

eee so) cee ee S)<*"] Ps 


Therefore, the proof holds via induction. 
n So” So+S1)" So" So+S1+S2)" 
(4). e& = PP Fr = Dro Par Gop — yee | bam sot Fa) 
So+S1)" So+S1+S2+53)" So +5) +5S: 
es ( otS1) P> 4 [Teo (So +8 3) Ee (So in +82 


[eSot 51 +52 — e50t51] Py + [e% S, +5. 


-| P3 = e%0 + [e%+S1 — eS0] Py + 


N 


+S$3 _ e50t51 +52] P3. 


Definition 4. Let S = Sg + S,P; + S2P2 + 53P3 € 3 — SP, then we define the following: 


det(S) = det(So) + [det(Sp + S1) — det(Sg)|P1 + [det(Sp + S1 +S2) — det(So + S1)]P2 + [det(So + S1 + Sz + S3) 
det(Sp +S; + S2)|P3 


Theorem 2. S is invertible if, and only if, det(S) is invertible in 3 — SP. 
The proof holds via a similar discussion of the 2-plithogenic case. 
Example 2. Consider the following matrix: 


Ga 1+P,+P.+P3 5+P,—2P. 
7) 14+ 4P; — Po +3P3 Pi +P3 


15 1 1 1 —2 1 0 
= 0) + (4 P+ (7, 0 )Pe+ (5 1) Ps 


We have det(Sg) = —5 , det(Sp+S,) = det e i = —28 , det(Sg+S,+S)) = 
3.4 4 4 

det({ i) = —13, det(So + Sj +52 + $3) = aet( ) = —20. 
Hence, 


det(S) = —5 + [—28 + 5]P; + [-13 + 28]P2 + [—20 + 13]P3 = —5 — 23P, + 15P2 — 7P3 
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Since det(S) is invertible, then S is invertible. 


ee ae =(7 : 
5 \-1 1 5 > 


34 28 
36d P2 — x69 P3 ) 


lod 
Nye 
0] 00 
rg 
a 
ies) 
Kales 
ry 
N 
Ny 
nN 
j=) 
ry 
wo 


1 
5 — 3eP1 + zegP2 + aegP3  —5 


3.2. Symbolic 3-Plithogenic Eigen Values/Vectors 


Theorem 3. Let S = Sp + 51 P, + So Po + S3P3 € 3 — SPy, then A = ag + a, P1 + ao P> + a3P3 
is an eigen value of S if, and only if, ag eigen value of So , ag + 41 eigen value of Sg +S, 
fg + a, + ap eigen value of Sg + $1 +S2, a9 + a1 + a2 + ag eigen value of Sg + $1 + S2 + Sz. 
In addition, X = Xo + X1P1 + X2P2 + X3P3 is the corresponding eigen vector of A if, and 
only if, Xo eigen vector of ag , Xp + Xq eigen vector of ag +a, , Xo + X1 + Xo eigen vector of 
ag tay tag ,Xg +X, + Xz + Xz eigen vector of ag + ay + az + a3. 


Proof of Theorem 3. From the equation AS = AX, we can obtain: 


agSp = agXo (5) 
aoS1 a1So a1S} = aoX1 a1Xo ayXq (6) 
agS2 + ayS2 + agS2 + a2S1 + aoSg = agX2 +a1X2 +a2X2 + a2X1 +a2Xo (7) 


ag53 + a4S3 + a2S3 + a353 + a359 + a3S1 + a352 = agX3 + a1 X3 + anX3 + a3X3 + a3Xq + a3Xy + .a3X2 (8) 


Equation (5) implies that ag is the eigen value of Sp, with Xo as the eigen vector. 

By adding (5) to (6), we obtain (ag + a1) (Sp +S1) = (ag + a1)(Xo0 + X1), which means 
that ag + aj is the eigen value of Sp + 51, with Xp + Xj, as the eigen vector. 

By adding (5) to (6) to (7), we obtain (ag + a1 + a2)(Sg +S; +52) = (ap + ay +2) 
(Xo + X1 + Xz), which means that ag + a1 + a2 is the eigen value of Sp + S; + Sz, with 
Xo + Xj + Xz as the eigen vector. 

By adding (5) to (6) to (7) to (8), we obtain (ag + a1 + a2 + a3)(Sp +S; + S2 +53) = 
(ap +a + ag +a3)(Xp + Xj + X2 +X), which means that ag + a; + a7 + a3 is the eigen 
value of So + Sy + S2 + $3, with Xo + X1 + X2 + X3 as the eigen vector. 

Therefore, the proof is complete. 


Example 3. Consider the following matrix: 


af SOR EP. BP aP\ 8 AV 2 0 01 a ee 
SU chan BR Woe By oe aE RT gph ee a pepsi Paks 


Symmetry 2023, 15, 1494 6 of 14 


The eigen values of Ag = (; : are {3,5}. 


The eigen values of Ag + Ay = (3 : are {Has v3 | 


The eigen values of Ag + Ay + A2 = (; _ are {uso nove} 


The eigen values of Ag + Ay + Ap + A3 = ( 1 are {8,2}. 


The eigen values of the symbolic 3-plithogenic matrix A are as follows: 


U; =34 as 3\P, 4 1+v6él 11+ v33)\,, | 11+ V61 P, 
2 2 2 

ee 11 + V33 3) P, 4 11+ V61 11+ ¥33 peti 11+ V61 P, 
2 2 2 2 

ae 11+ v33 4 P, 4 1-—V6l 11+ 733 pels 11+ V61 Py 
2 2 2 2 

Us =34 11+ V33_4 P; 4 11-—V6l 11+ 33 eee: 11+ V61 P, 
2 2 p 2 

us;=34(te Ss 3) P, 4 11+ V61  11- ¥33 Ptite 11+ V61 P, 
2 2 2 

Us =34 11- ve 3)P, 4 11—-vV6l 11-33 p,+(2 11— V61 P, 
2 2 2 

up =34 (Ue ae 3) P, + 1-61 11— V33 p,+(s 11— V61 P, 
2 2 2 

Us =34 11 — nies 3)P, + 114+ V6l 11- ¥33 p+ (2 11— V61 P, 
2 2 2 

Uy =54 1+v33_ P, 4 11+V6l 11+ 33 p,+(8 11+ V61 Py 
2 2 2 2 

Uy =54 11+ V33 5) P, 4 11+ V6l 11+ V33 p,+(2 11+ V61 P, 
2 2 2 2 

Gc2Bs 11 + V33 5\ P14 11-—V6l 114+ ¥33 p,+(s 11— V61 P, 
2 2 2 2 

ee re 5) (U8 nA Na (2 11 =o) 
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11— 
ve=5+ (2 v3 s)pi 5 5 


Remark 3. If A has n eigen values for 0 < i < s, then A has n* eigen values. 


(a8 nave) ( 14/61 
Po + [2 5 


3.3. Symbolic 3-Plithogenic Diagonalization 


Theorem 4. Let T = Tp + TP, + T2P2 + T3P3 be an n-square symbolic 3-plithogenic matrix, then 
T is diagonalizable if, and only if, Tp, To + T1, To + T1 + To, To + T1 + To + T3 are diagonalizable. 


Proof of Theorem 4. T are diagonalizable if, and only if, there exists L = Lp + Ly P1 + LoP2 + 
LsP3 and D = Dp + D1 Py + D2P2 + D3P3 such that T = L~!DL, where D is diagonal and L 
is invertible. 

The equation T = L~!DL is equivalent to the following: 


Ty = Lo 'DoLo 
To +T1 = (Lo +L1)7 (Do + Dy) (Lo + L1) 
Tp + Ty + Tz = (Lo + Ly + Lz) * (Do + Dy + D2) (Lo + Li + Lz) 
Ty +1] +T2 +T3 = (Lo +L, +12 +13) '(Dp + Dy + Dz + D3) (Lo + Ly +L2 +L) 


Which implies the proof. 


Example 4. Consider the following matrix: 


3+P3 —1+3P.+P3 


23% Pet it ot maa 
“(5 “)+(0 + (0 a) G4) 


= To + T,P, + T2P2 + T3P3 


-1 
2 0 a Tt OVE OV. ct 
t= (5 2°) = toDato e ) e a ¢ j 
Heh =(3 =) =MiKiM,“! 


Siew fee 1 wall ov op 


T = es ae P, + Po ) 
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3 
0 
0 


4 2 


To +1, +To = (3 > 


) = M>K»M>~! 


( 1 1 Ne 0 )( 1 1 ) 
az sw 0 Cee i =14+V7 -1-v7 


6 2 
4 3 


1 1 baal 0 1 1 = 
= | -34/4l -3-V/41 0 9—V/41 34/41 -3-/41 
q q a= q q 


So that Ly = M, —Lo,L2 = M2 — My, L3 = M3 — Mo, Dy = Ki — Do, D2 = Ko — Ky, 
D3 = K3 — Ko. 


To +T, +T2 +73 = ( ) = M3K3M3! 


3.4. Symbolic 4-Plithogenic Matrices 


Definition 5. A square symbolic 4-plithogenic matrix is a matrix with symbolic 4-plithogenic 
entries. 


Example 5. 
4+P,+P.—2P3+4Py4 1+ P3 + 2P, 3—P,+5P3+4P4 
A= 5—P,+P2+3P4 2—P,+11P4 7P; +4P2 — P3 + 6P4 
6P2 + 4P3 + 2P4 5+11P2+P3+11P,4 P, +P3+3P4 


is a symbolic 4-plithogenic 3 x 3 real matrix. 


Remark 4. Any symbolic 4-plithogenic matrix can be written as follows: A = Ag + AiP, + 
AoP2 + A3P3 + AgP4. 
For example, the matrix defined in the previous example can be written as follows: 


1. @ =1 1 0 0 BP th CG 4 2 4 
deck Cael, AP [Bet (1s 0 A Pe Or Past Ue Py 
@ “oe 14 6 11 0 ft 2 13 


Definition 6. Let S = Sg +S, P1 + SoP2 + S3P3 + S4P4,T = To + Ti P) + ToP2 + T3P3 + T4Py 
be two n-square symbolic 4-plithogenic matrices, then the following is true: 


S+T = (So +To) + (S1 + T1)Pi + (So + T2)P2 + (S3 + T3)P3 + (Sq + T4)Pa4 


Sx T = SoTo 4 (SoT1 


S1To 


t S1T1)P1 - (SoT2 +t SoTy + S2T2 + SoTo 4 S1T2)P2 t (SoT3 + S173 + SoT3 + S3T3 +53To 


+53T, + S3T2)P3 + (SoT4 + S1T4 + S2T4 +5374 + S4yTo + S4Ty + S4T2 + S473 + S4T4)P4 


We denote the set of all symbolic 4-plithogenic n-square matrices using (4 — SP). 
It is clear that (4 —SPy,+,.). Is a ring. 


Theorem 5. Let S = So + $1; P) + SoPo + S3P3 + S4P, € 4 — SPy , then: 


1. Sis invertible if, and only if, So, Sq + 51,59 + 51 + S2,59 + 51 +S2 + 53,59 + S1 + S24 
S3 + S4 are invertible. 


2 St = Sy + [(So+$1)7—So"]Pi + [(So+$1 +$2)"* — (So + $1) *] Pat 
(So S$. +$>4 S3)7 (Sp + $1 4 S>)"]P3 + (So Sy 92 +33 4 Sor 
(Sp +S, +52 + S3)""]Py 

3. ForneN 


9 of 14 
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4. S=So"+ [(So +S1)"—So"]Pi + [Go + $1 + $2)" — Go 4 S1)"|Pe + [(So +S, +) +83)" 
= (8p +S1 +82)"]Ps + [(Go +S +52 +S3 +54)" — (Gp +1 +S +S)" ]Pa. 

5. e° —_ e°0 + [eSot 1 ees e°0|Py te [eSot 1 +52 _ e°0+51] P, ae le Sy+51 +89 +84 Ee eh +Si+S:)P, ap 
[eSotS1 +S2+53+S4 _ eo0tS1 aes Py 


Proof of Theorem 5. (1,2). Assume that Sg, Sp + $1,59 +S; +S2,S9 +S; +S2 +53,S9 +S} 4 


S2 + S3 + Sq are invertible. We have the following: 


K= S57) 4 |(So Esa So" Pi (So he S)" 2654 S1)']P, (So PSrae eS.) 


(So + Sy +Sp)~'|P3 t [(So +S, +S +34 S4) | (So PG riga4 S3)""] Pa, 


Let us compute the following: 


SK = SoSy7! t So(So S1) 1 SoSp~! +S 1S 971 } 51 (So } Si) $18) 1]P1 
+ |So(So + S1 + Sz)’ — So(So + S1)~* + $1 (So + $1 + S2)~* — $1(So +$1) 
So(So + $1) | +S2S9~! + S2(So + $1) + SS)" '|P2+ 


EG (Si4 Sy a Sy) 8426 (Sy FS ees SS 
So +S1 + $2 So)" S2(Sp + S14 So) + S3(So + Si 4 
+ Sy +S2)* +3891 + $3(Sp + $1) — S3So~' 


—S3(So + $1)7"] P3+ 


[So(So +S; +S9 +S3) 
( 


[So(So + $1 +82 +53 +$4)~* — So(So + S1 + $2 + $3) | +$1(So +$1 +S2 +83 +S4) | 
6.) 4G a(Syrs Sich Sout Sa) Sig Si Poa 


1 S3(So + Sy & S3)~' +S4So71 + S4(So + $1)? 
yo, ~ + S1)71+S4(Sp +S, + Sp + $3) + 
ESe4S,) 6 Ga AS) 4S-4 S3)""]Py = 


2 
Sa(So 4 ae T ae Sa(So t 
Unxn + [Onxn]P1 + os + a a [Onxn]Pa = Unxn 


Thus, S is invertible and S~! = K. 
For the converse, if we suppose that S is invertible, then there exists K = Kg + Ky P1 + 


KoP2 + K3P3 + K4P4 € 4—SPm such that S x K = Unxn. This is equivalent to the following: 


SoKo = Unxn (9) 
SoK +S: Ko +51K1 = Onxn (10) 
SoK2 +S Ko + S2Ko + S2Ky + S2Kp9 = Onxn (11) 
SoK3 + 51K3 + S2K3 + S3K3 + S3Ko + S3Ky + S3K2 = Onxn (12) 
SoK4 + 51K4 + S2K4 + S3Kq4 + S4Ko + S4Ky + S4Ko+S4K3 + S4K4 = Onxn (13) 


= Kp. 
= Unxn, 80 that So + Sj is invert- 


Equation (9) implies that So is invertible and Sg! 

By adding (9) to (10), we obtain (Sp + S) (Ko + K)) 
ible and (Sp +$,)~! = Ky + Ki, hence K; = (Sp + $1)? — Sql. 

By adding (9) to (10) to (11), we obtain (Sp +S; +S2)(Ko + Ky; + Ko) 
So +S, +S is invertible and (So +$;+ S») 1 = Kg +K, + Ky, hence Ky = (So +S; + S) 
(Sp +$1)7". 

By adding (9) to (10) to (11) to (12), we obtain (Sp + S; + Sz +S3)(Ko + Ky + Ky + Ks) = 
Unxn, 80 that Sp + $, +S +3 is invertible and (Sp +S +S: +$3) 1 = Ky + Ky + Ky +Ks, 


hence K3 = (So +S; +S)4 S3)! (So + S14 S))! 
By adding all equations, we obtain the following: 


+ Ky + Ko + K3 4+ Ka) = Unxn 


= Gash SO that 


(So +S; + So + S34 Sa) (Ko 
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so that Sp + Sj + Sp + S3 + Sq is invertible and (So +S; +S. + S34 S4)} =Kj9+Ki+Ko+ 
K3 + Kg; hence Ky = (Sp +S; + S2 + S3 4 Sy? (So +S1 +524 S3) 1. 

(3). For n = 1, it holds directly. We suppose that it is true. For n = k, we must prove it 
fork +1. 


SK+T = SSK = SoSoK + |Sp(Sp + $1) — SpSoK + S1SoK + S1 (Sp + $1) S189 Py 

So (So + S1 + S2)* — So (So + $1)* + $1 (So + S1 + Sz)“ — Sy (So + $1)* + S(So + S1 +S2)* 
So (So + $1)* + S2SoK + S2(Sp +81) * S.8p*| P 

[S0(So Sy S85)" 5p (Sp-Si- SF Se Gu Si Sees) SiS See 
So(Sp + $1 + S2 + $3)K — So(So +S, +Sz)* +53 (Sp + $1 + S2 +$3)* — $3(Sp + Sy + S2)* 
+ S3Sk + S3 (Sp + S1)* — S3Sok + $3 (Sp + $1 + S2 +S3)* — $3 (Sq 4 S1)*]Ps+ 

[So(So + St +S +$3 + S4)* — So (Sp +S +S2 + $3)* + $1 (So +S) + $2 + $3 + $4)* 
S1(S9 +S} 4 52 S3)* + So(So +S 4 52 + S34 6" S2(So a + So 4 S3)* + S3(So + S14 
S2 + S34 S4) 53(So +S; +S 4 S3) } S4SoK t S4(So t S1) S4Sok } S4(So + S14 5») 
S4(So S1)* t S4(So +S; +S9 S3)* S4(So + S14 S»)k t S4(So + Sj +S. +S3 4 S4)* 
S4(Sp + $1 + Sy + $3)" Py = Soktl + |(So Sey = SoSok*1|Py 4. |(So zoe) aad Corns 
S1)Kt}P, | [(So +S, +S. 4 Ch alle — (So +1 +S2)**"| P34 [(So +S; +S2 +834 S4)" 
(So +5; +52 +$3)"] P4. 


This is so that the proof holds by induction. 
ioe) nm co «= Sg", lor) So+81)" co «= Sy” \ Toe) 
(4). e = Yn=0 5 = Yin=0 al ' [Eo oe din=0 a P: : beer 
aay ot) |P2 [Eo Suse ey) re (So+S1 +82) ]Ps [Eo Gos bute Host 8a) 


(So+Si+S2)" 
n! ah 


peg ; See Sa P= 50 4 [eSo+Si = e0|P ee [efoto +82 _ +51] Py 4 [efoto +8248 
= n: 


—e%0t51+52]P, + [eco St S2+S3+5S4 _ e°0 +514 S2 +53] Py. 


Definition 7. Let S = So + S1P1 +S2P2 + S$3P3 +S4P4 € 4—SPy, , then we define the following: 


det(S) = det(Sg) + [det(So + S1) — det(Sg)|P1 + [det(Sp + S1 +S2) — det(So + S1)]P2 + [det(So + S1 + Sz + S3) 
det(Sp +S; +So)]P3 + [det (So +S; +S2+S3 4 S4) det(Sp +S; +S +3) ]P4. 


Theorem 6. S is invertible if, and only if, det(S) is invertible in 4 — SPp. 
The proof holds via a similar discussion of the 3-plithogenic case. 


3.5. Symbolic 4-Plithogenic Eigen Values/Vectors 


Theorem 7. Let S = Sg + S1P, + SoP> + S3P3+S4Py € 4—SPy, then A = ag +a,P, + 
a2Pz + a3P3 + agP, is an eigen value of S if, and only if, ag eigen value of So , ag + a1 eigen 
value of So + Sz, 49 + 4, + a2 eigen value of So + $1 + Sz, a9 + a1 + a2 + a3 eigen value of 
So + $1 + So + S3,a9 +4, +42 +43 + a4 eigen value of So + $1 + S2+S3 + Sq. 

In addition, X = Xo + X1P1 + X2P2 + X3P3 + X4P4 is the corresponding eigen vector of A 
if, and only if, the Xo eigen vector of ag , the Xq + X; eigen vector of apg + a4, the Xp + X1 + Xo 
eigen vector of ag + a1 + a, the Xo + X1 + X2 + X3 eigen vector of ag + ay + a2 + a3, theXp + 
X1 + X2 + X3 + X4 eigen vector of ag +a, +a + a3 + ag. 


Proof of Theorem 7. From the equation AS = AX, we obtain the following: 
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agSg = agXq (14) 
agS1 + aySo + 4S; = agX; +.a1X9 +a1X, (15) 
AgS2 + a1S2 + a2Sz + a2S1 + a2Sq = agXz + a1 Xz + agXo + aX] + a2Xq (16) 
agS3 + a1S3 + a2S3 + a353 + a3S9 + a3S1 + a3S2 = aoX3 + a1 X3 + a2X3 + a3X3 + a3Xo + a3X1 + a3X2 (17) 
agS4 + a,S4 + a2S4 + .a3S4 + agSo + aS) + agSo + ayS3 + a4S4 = agX4 + ayX4 + anX4 + a3Xq + agXq + agXz + agX2 +a4X3 +a4Xq (18) 
Equation (14) implies that ag is the eigen value of So, with Xo as the eigen vector. 
By adding (14) to (15), we obtain (ag + a1)(So + S;) = (a9 +a1)(Xo +X), which 
means that ag + aj is the eigen value of Sg + S1, with Xp + Xj as the eigen vector. 
By adding (14) to (15) to (16), we obtain (ag + a1 + a2)(So + $1 +S2) = (ap + a1 + a2) 
(Xo + X1 + Xz), which means that ag + a; + a2 is the eigen value of Sp + S; + Sz, with 
Xo + Xj + Xz as the eigen vector. 
By adding (14) to (15) to (16) to (17), we obtain (ap + ay + a2 + a3) (So + $1 +52 +$3) = 
(ag +a, + a2 +a3)(Xo +X + X2 + X3), which means that ap + a; + a2 + a3 is the eigen value 
of So +S; +S2 + $3, with Xo + X1 + X2 + X3 as the eigen vector. 
By adding all equations, we obtain the following: (ag +a, +az2+a3+ a4) 
(So S; +S2 +S3 4 S4) = (ao t+ ay +a2+a3ct a4) (Xo +X, +X2+ X34 Xa), which means 
that ag + a; + a2 + a3 + ag is the eigen value of Sp +S; + S2 +53 +54, with Xo + X1 + X2 + 
X3 + Xq as the eigen vector. 
This is so that the proof is complete. 


Example 6. Consider the following matrix: 


Sf SHOR = Py Py AG PL—BPs\ AV Pn 10-4 
a ee 5+P,+P,)~\o 5) tho afta o)F2t 


—1 -3 —1 0 
( 1 0 )Pa+ i 1 Py = Ap + AyPy + ApP2 + A3P3 + AgPy 


The eigen values of Aj = G \ are {3,5}. 


The eigen values of Ag + Ay = G i are 


The eigen values of Ag + Ay + A2 = (; 7 are {Heys nove \ 


The eigen values of Ag + Ay + Ap + A3 = ey fa are {8,2}. 


0 1 
The eigen values of the symbolic 4-plithogenic matrix A are as follows: 


rece (8 2) (44 ne (« nee, + (-10)P4 


The eigen values of Ay + Ay + Ar +A3+Aag=( , 7) are {—2,1}. 


ied oe 33 »)pi jt! nip, (2 navel), ca 
ae (B+ Rae »)pi (85 Niall nip, (« nia, He, 
ais (a4 V33 »)pi (Hs 61 nip, (2 ee ae 


us=a4 (BS vi33 2) (144 as ne (s ETN es (-t 


Symmetry 2023, 15, 1494 12 of 14 


Tee Gre »)pi Ge nop, (2 aes ae 
Ges Goa 2)pi (85 vVél np, (« use a7 
ied Gre 2)pi Ga nop, (2 i Bp 
cece ae 5) Py 4 (Hs nap, | (‘ nif + (—10)Py 
inte (8 s)pi | ee ne (2 ae 
Un =5 (2 —_ s)pi ! (85 V5 nie )p, | f d P34 
iss (2 ae s)pi | (85 wel nip, | (2 s P34 


P 


N 


Uy3 = 54 on 5) ea 


za 2) 
114+ V6él1 ee ) 
ci 8) 


Po + 


P3 4 


Po + 


P34 


oe 
ea 
-(s a 
eT 
oe 


(“ | 
(14 ( 1 


it 4/33 s)pi | (r48 1), 7 (2 1p + (—1)P4. 


We continue using the same process to obtain all other eigen values. 


Remark 5. If A has n eigen values for 0 < i <s, then A has n° eigen values. 


3.6. Symbolic 4-Plithogenic Diagonalization 


Theorem 8. Let T = Tp + T) P} + T2P2 + T3P3 + T4P4 be an n-square symbolic 4-plithogenic 
matrix, then T is diagonalizable if, and only if, To, To + Ty, To + 71 + To, To + 7; + To 4 
T3, Tg + Ty + Tz + T3 + Ty are diagonalizable. 


Proof of Theorem 8. T are diagonalizable if, and only if, there exists L = Lo + LyPy + 
L2P2 + L3P3 + L4P4 and D = Do + D1 P; + D2P2 + D3P3 + DaPy, such that T = L~'DL, 
where D is diagonal and L is invertible. 

The equation T = L~!DL is equivalent to the following: 


To = Lo. "DoLo 
To +T, = (Lo +14)— *(Dp + D,) (Lo +L) 
To + Ti + Tz = (Lo + Ly +12) “(Do + Dy + Dz) (Lo + Li + Lz) 
To T, +T24 T3 — (Lo L, +L. L3)~ (Do +D,+ D2 +D3)(Lo +L, +L.+ L3) 
To + T, + T2 +73 + Tg = (Lo + Ly + Lo +13 +14) “(Do + Dy + Dz + D3 + Dg) (Lo + Ly + L2 + Lg + Ly) 


1 
-1 
-1 


This implies the proof. 
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4. Conclusions 


In this scientific work, we have studied the symbolic 3-plithogenic square real matrices 
and the symbolic 4-plithogenic square real matrices from many different perspectives, and 
we have presented many algorithms and theorems to describe the invertibility, the eigen 
values, vectors, and diagonalization of these matrices by transforming them into classical 
matrices. In the future, we aim to study the symbolic 5-plithogenic and 6-plithogenic real 
square matrices in a similar approach to that used for the symbolic 3-plithogenic matrices 
and symbolic 4-plithogenic matrices. 
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